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We study the physics of electron tunneling between multiple quantum dots and the edge of a 
quantum Hall state. Our results generalize earlier work [G. A. Fiete, W. Bishara, C. Nayak, Phys. 
Rev. Lett. 101, 176801 (2008)] in which it was shown that a single quantum dot tunnel coupled to a 
non-Abelian quantum Hall state can realize a stable multi-channel Kondo fixed point at low-energy. 
In this work, we investigate the physics of multiple dots and find that a rich set of possible low- 
energy fixed points arises, including those with non-Fermi liquid properties. Previously unidentified 
fixed points may also be among the possibilities. We examine both the situation where the dots are 
spatially separated and where they are in close proximity. We discuss the relation to previous work 
on two-impurity Kondo models in Fermi liquids and highlight new research directions in multiple 
quantum impurity problems. 
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I. INTRODUCTION 

A quantum impurity is a spatially localized impurity 
with an internal degree of freedom taking discrete val- 
ues. In many cases, the internal degree of freedom is 
spin, but it could also be an "orbital" degree of freedom, 
or even an "occupation" degree of freedom (as it will 
be in this work). Perhaps the most well-known quan- 
tum impurity problem is a local moment (spin) inside 
a metal. When the effective exchange coupling between 
the magnetic impurity and the itinerant electrons of the 
metal is antiferromagnetic, the Kondo effect occurs at 
low temperatures.^ The study of the Kondo effect was 
originally motivated by an apparent low-temperature di- 
vergence of the electrical resistance of metals with dilute 
magnetic impurities P 

In the simplest version of the Kondo problem, a spin- 
1 /2 moment is antiferromagnetically coupled to the local 
s-wave scattering channel of the impurity. While at high 
energies the coupling can often be regarded as pertur- 
bative, the low-energy behavior flows to strong coupling 
where the moment is effectively "screened out" by a lo- 
cal singlet formation with the spins of the conduction 
electrons!^ It has been shown that at low temperatures a 
type of "local" Fermi liquid physics arises^ where the im- 
purity is characterized by single-particle scattering phase 
shifts for each spin and these each reach the unitary limit 
of maximal scattering, tt/2. (The approach to the uni- 
tary limit is the cause of the rise in the resistivity at low 
temperatures in metals with dilute magnetic impurities.) 
The local Fermi liquid picture has proved to be of great 
utility, particularly in the interpretation of an interest- 
ing class of scanning tunneling microscope experiments 
on Kondo impuritiesP 

The non-trivial many-body physics of the spin-1/2 
Kondo effectP spawned an industry of higher spin and 
multi-channel variants of the Kondo problempJ^HUl j n 
general, the low-energy fixed points of the multi-channel 
Kondo models are highly non-trivial and depend on the 
size of the spin, whether the coupling to all the elec- 



tron channels is the same or different, and whether the 
exchange coupling is the same or different for the x, y 
and z-components of the impurity spin. One of the 
key results to emerge is that for arbitrary spin, S, and 
isotropic channel and exchange coupling, the low-energy 
fixed point is non-Fermi liquid when the numbe r of con- 
duction electron channels, k, is greater than 26 1 ! 8 * 12 * 22 -^ 
Thus, for S = 1/2, the k = 2 channel Kondo model 
has non-Fermi liquid properties! 9 * 10 ! The non-Fermi liq- 
uid properties are manifest in the impurity susceptibility 
(and also other quantities) having an anomalous temper- 
ature dependence, x imp oc T^ -2 )/^ -2 ) for k > 2 and 
Ximp oa \ti{Tk/T) for k — 2, where Tr is the Kondo 
temperature. The non- Fermi liquid properties only ap- 
pear when the spin is "overscreened" , i.e. when there are 
more conduction electron channels than units of spin- 
1/2 P (However, it should be emphasized that having 
k > 2S does not guarantee non-Fermi liqui d physics- that 
generally requires fine tuning of couplings! 13 * 15 * 16 *^) On 
the other hand, the many-body physics of the "under- 
screened" case of k < 2S is rather similar to k = 2S. S 
Single channel Kondo models have also been studied in 
Luttinger liquids with 2-channel-like properties realized 
under some conditionsP*"^ 

A closely related set of studies in the meso- 
scopic/quantum dot context have shown that the charge 
fluctuations on a quantum dot coupled to Fermi liquid 
leads mimic the spin fluctuations in the Kondo effect, and 
under some circumstances the combined "occupation" 
and spin degrees of freedom can lead to 2-channcl, non- 
Fermi liquid Kondo physicsF^EH On the other hand, in 
certain set-ups involving two quantum dots with charge 
fluctuations and active spin degrees of freedom, a nov el 
SU(A) Fermi liquid fixe d poin t may be obtained* 36 * 37 * or 
even 2-channel behavior ! 38 * 39 ! Thus, even with Fermi liq- 
uid leads, a variety of interesting quantum impurity be- 
haviors occur as a result of charge fluctuations. 

An important extension of these works considers a 
quantum dot coupled to a reservoir (or lead) with in- 
teracting electronsP^HlIl For example, the interactions in 
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a Luttinger liquicP^^ lead have been shown to influ- 
ence the occupation of the dot, with analogies to anti- 
ferromagnetic and ferromagnetic versions of the Kondo 
model. However, the charge fluctuations of a dot are 
insensitive to the strength of interactions in a Luttinger 
liquid^ (so long as the effective Kondo model remains 
antiferromagnetic) and thus are the same as in the Fermi 
liquid case (generically described by a fc = 1, S = 1/2 
Kondo model when the spin is ignored-due to a polar- 
ized state created by the application of a strong mag- 
netic field, for cxamplc-and only one reservoir couples 
to the dot). Experimentally, the charge fluctuations 
can be measured capacitively, providing a test for these 
relationsPHUl 

Besides a Luttinger liquid, there are not many gap- 
less non-Fermi liquid phases of interacting itinerant elec- 
trons. However, the edge states of non-Abelian fractional 
quantum Hall systems are both interactin g a nd funda- 
mentally different from a Luttinger liquid!^ (Another 
recent example is the "helical liquid" found at the edge 
of quantum spin Hall systemsp^^ and some theoret- 
ical studies of the Ko ndo effect in such systems have 
been reported! 54 * 58 * 59 |) Recently it was discovere d 60 * 61 ! 
that if a quantum dot is tunnel coupled (electron tun- 
neling only) to a non-Abelian quantum Hall state of the 
Read-Rezayi typej^l then a stable, multi-channel Kondo 
model with non-Fermi liquid impurity properties is re- 
alized in the charge fluctuations. Moreover, the usually 
fragile non- Fer mi liqu id Kondo fixed point is "topolog- 
ically protected"^ 60 * 61 * by the topological ordeJ^l of the 
Read-Rezayi state. This situation thus provides a rare 
opportunity to potentially observe in experiment the non- 
Fermi liquid physics of multi-channel Kondo models with 
k > 2, as there are signs of plateaus at filling fractions 
for k > 2 that would have Read-Rezayi states as lead- 
ing candidates.^ We remark that the argument can also 
be turned around to show that if the multi-channel non- 
Fermi liquid physics is observed, t hen th e quantum Hall 
state must be a non- Abelian stateP^ (A non-Abelian 
quantum Hall state of any type has not yet been unam- 
biguously observed in experiment. The observation of a 
non-Abelian state of any type in any system would be a 
first in physics.) 

In this work, we extend the single-dot results of 
Refs. |60l6T] to include the case of multiple quantum dots. 
We will focus most of our attention on the double-dot 
system, which shares many features of a 2-impurity k- 
channcl S = 1/2 Kondo system in a non- Fermi liquid 
system of itinerant electrons. To the best of our knowl- 
edge, the 2-impurity model has only been studied in a 
non-interacting electron gas and is known to possess a 
non- Fermi liquid 2-channel Kondo critical point for a spe- 
cial value of parameters when particle-hole symmetry is 
presentP^^ i n this paper we ask two main questions: 
(1) Can the topologically protec ted multi-channel nature 
of each individual impurity^^ affect the possible phases 
of the 2-impurity (and more generally, multiple impurity) 
case? (2) What is the effect on the phase diagram of the 



non-Fermi liquid, non-Luttinger liquid itinerant electron 
gas that mediates the impurity-impurity interaction? As 
we will sec, these are very difficult questions to answer 
in general. However, we are able to obtain some an- 
swers in particular limits. In many cases, the multiple 
dot case can be shown to reduce to the single dot case. 
In other cases, there is a strong possibility for previously 
undiscovered fixed points with non-Fermi liquid proper- 
ties. We hope our work will provide a strong motivation 
for opening up a new line of inquiry in quantum impu- 
rity problems (in addition to shedding more light on the 
non-Abelian quantum Hall states themselves). 

Our paper is thus organized as follows. In Sec. |H] we 
cover some necessary essentials of the theory of quantum 
Hall edges that we will use in our discussion. In Sec. |III| 
we discuss the coupling of multiple dots in several geome- 
tries and limits. Particular attention is paid to the case 



of two dots. Finally, in Sec. IV we discuss our conclusions 
and suggest possible extensions of the present work. 



II. QUANTUM HALL EDGE PHYSICS 

In this section, we provide a brief overview of the rel- 
evant aspects of quantum Hall edge physics needed for 
our study. This section should be helpful to those with 
a background in quantum impurity models, but who are 
less familiar with quantum Hall systems. We have tried 
to include enough detail to keep the paper self-contained. 
However, should more details be desired, a more ex- 
tended discussion with the same notional conventions can 
be found in Ref. [61] . 



A. Fundamentals and The Current State of 
Experiments 

Quantum Hall systems fall into two broad categories: 
(i) Abelian and (ii) non-Abelian!^ Quasi-particle and 
quasi-hole excitations in quantum Hall systems are gen- 
erally gapped in the bulk; the naming of Abelian and 
non-Abelian refers to the braiding properties of these ex- 
citations above the gap.^ If the braiding operations of 
particles commute, the state is Abelian, while if they do 
not commute the state is non-Abelian^l (the latter gen- 
erally requires a non-trivial ground state degeneracy be- 
yond that of the Abelian case). All the integer quantum 
Hall states^ are Abelian, as well as the celebrated Laugh- 
lin states.^ (The Laughlin states possess anyon excita- 
tions with exchange angles different from both fermions 
and bosons! 7 -*") The huge families of hierarchy states are 



Abelian, tool- 



Thus, non-Abelian states appear to 



be rather rare. However, they can readily be constructed 
from correlation function d 62 * 80 " 87 ! in a certain class of con- 
formal field theories (CFT)P 

The construction of these wavefunctions would be 
nothing more than an excercise in mathematical physics 
if there were not strong numericaPsHUl as well as ex- 
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perimental evidence^ m ^' that non-Abelian states are 
preferred by nature under certain conditions. In the 
GaAs/AlGaAs samples most commonly used, these con- 
ditions are best met in the second Landau leve l 93 * 97 -* 
whe re non-A belian candidates tend to have the largest 
g a p S ji05H107| jj oweverj it remains an open challenge to 
provide a compelling demonstration of a non-Abelian 
state experimentally. Fortunately, the number of 
proposals for experiments capable of detecting non- 
Abeli an properties has grown dramatically in recent 
years ! 52 ' 6 "' 611 ™ 11551 



B. Key Elements of Quantum Hall Edge Theories 

In this work, we will assume that a certain class of 
non-Abelian states exist in nature, the Read-Rezayi (RR) 
states,^ and explore their consequences for electron tun- 
neling to multiple quantum dots. The RR states are 
all spin polarized and relevant to filling fractions v — 
k/(k + 2) (or fc = 2 + k/(k + 2) when the lowest Landau 
levels are inert). The simplest of the non-Abelian states is 
the k = 2 Moore-Read (MR) PfaffiarPJ and its particle- 
hole conjugatef^SHHH which are leading candidates for 
filling fraction v = 5/2. The filling fraction v = 12/5 
state may be in the same class as th e pa rticle-hole con- 
jugate of the k — 3 Read-Rezayi state^D ( or possibly the 
in Bonderson-Slingerland hierarch y ^ 83 * 94 !) . If a clear sig- 
nature of a state eventually appears at v = 13/5, then 
the k = 3 RR state would be a leading candidate. We 
note that the Laughlin v = 1/3 state is the only Abelian 
RR state, realized for k = 1. We remind the reader 
that while the bulk of quantum Hall states are generally 
gapped to single-particle excitations, the edges are gap- 
less and form a quasi-one dimensional system. Due to 
the breaking of time-reversal symmetry in the quantum 
Hall states, the edges have a definite directionality asso- 
ciated with them and are often referred to as "crural" . It 
should be noted, however, that while there is a net direc- 
tion to current and heat flow along the edge (not always 
in the same directiorP^M 4 ^!) , there is also the possibility 
of counter-propag ating edg e currents that only partially 
cancel each other ™lHEI5l 

As was emphasized in Refs. |60|6T] . the key element 
that unifies the multi-channel Kondo models, candidate 
non-Abelian RR wavefunctions, and the gapless edge 
theory of non-Abelian RR states is the underlying 
parafermion CFT. The parafermion theory is obtained 
from the coset construction^ SU{2)k/U(l), and its La- 
grangian is given by an SU(2)k chiral WZW model 
in which the U(l) subgroup has been gaugedP^ [See 
Eq.(j6|.] For our applications, we will mainly need the 
expressions for edge electron operator in different quan- 
tum Hall states, and the scaling dimensions of the fields 
that enter it (which are set by the action of the corre- 
sponding edge theory) . Working from the simplest edges 
in the RR series, to the general case we have the following 
expressions. 



The low-energy edge theory of the (fc = 1 RR or) v = 
1/3 Laughlin state (and for general u, including v = 1) 
can be expressed in terms of bosonic fields and has an 
action that takes the form 



-rLaugh 



1 

4ttu 



drdx d x (p(id T + vd x )4>, 



(1) 



where the chiral bosonic fields satisfy the commutation 
relations [4>[x'), 4>(x)] = iirvsgn(x—x'); and v is the veloc- 
ity of the edge mode, determined by non-universal prop- 
erties of the edge confining potential and interactions. 
(Throughout our paper we have set h = 1.) 
The electron operator on the edge is 



t 

e, Laugh 



(2) 



and the quasi-particle operator of charge ve is 4^ Laugh = 
e 1 ^ (which we do not use in this paper). 

The MR state, like the Laughlin states, is spin polar- 
ized. Its edge action is the sum of the neutral and charged 
sectors, S — S„ + S r , with 



S„ = / drdx itp (id T ip + v n d x ip) . 



and 



Sr. 
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drdxd x 4> (id T (j) + v c d x <fi) , 



(3) 



(4) 



where v n is the neutral mode velocity and v c is the charge 
mode velocity. Typically v n < v ci because of the repul- 
sive interactions in the charge sector 1 147 l Note that Q 
is just ([T]) with v — 1/2 and v — v c . Here tp is a Majorana 
fermion, the Z2 parafermion. 

The electron creation operator in the MR state is: 



t 

e,MR 



ipe 



i2<t> 



where we have used the convention dim[e M<? 



(5) 

*4 [foi- 

lows from (TO)] and dim[7/>] = 1/2, so that dimfvI/^MR] = 
3/2. Note that the electron operator |5]) is a combination 
of a Majorana fermion and an exponential of the boson, 
identical to that appearing in ([2|. 

The general RR states are also spin polarized, and their 
edge action is again the sum of neutral and charged sec- 
tors. The charge sector of the RR edge theory (neglect- 
ing the 2 filled lower Landau levels if one is considering a 
state in the second Landau level) is identical to ([l} with 
v = fc / (fc + 2). The neutral TLy. parafermion sector is given 
bjEU 



S S U(2) k /u(i) = J drdxtr(d x g 1 dg) 
- 1^ J dxdTdre^\r{d, 1 gg- 1 d v gg' 1 d x gg- 1 ) 
J dxdTtr( K A x dg-g- l -Ag- 1 d x g+A x gAg- l -A x A}, 
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(6) 
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where d = id T + v c d x , A = A T — iv n A Xl and the field g 
takes values in SU(2). The second integral in Eq.([6]) is 
over any three-dimensional manifold M which is bounded 
by the two-dimensional spacetime of the edge dM. The 
value of this integral depends only on the values of the 
field g at the boundary dM. The gauge field has no 
Maxwell term, so its effect is to set to zero the U(l) 
current to which it is coupled. 

The electron operator in the RR state is obtained by 
combining appropriate fields from the charge and neutral 



sectors: 



t 

e,RR 



(7) 



where tpi is the parafermion field with dim^i] = 1 — 
1/fc. Thus, using the conventions in ([lj with v — k/(k + 
2), we have dim[\l/e,RR] = 3/2, independent of k. 



C. Connection to Multichannel Kondo Models 

Conformal field theory methods offer an elegant 
solutio n to t he fc-channel Kondo models in Fermi 
liquids!-^- 2 * 22 * 23 * The conduction electron Hamiltonian is 
expressed as a sum of three terms (referred to as a "con- 
formal embedding" ) that describe "charge" , "spin" , and 
"flavor" sectors. These sectors possess current operators 
with U(l), SU(2), and SU(k) symmetry, respectively. 
Specifically, for the fc-channels of free electrons ipi de- 
scribed by Hq, one has 

k 

Y, H obPi] = H[U(1)} + H[SU(2) k ] + H[SU(k) 2 ]. (8) 

i=l 

Conformal embedding is useful for the fc-channel Kondo 
model because it is only the SU{2)k currents that couple 
to the local moment S: the conduction electron terms 
with U(l) and SU(k) sym metry t hus play no role in the 
quantum impurity physics P 2 * 22 * 23 ! These SU(2)k currents 
can be realized at the operator level in terms of a chiral 
boson ip and a parafermion field ipi [the same one in Q]: 

./+ = Vktf;^, 

j- = Vk^\ e - lip , 

J z = \d,<p t (9) 

where the chiral boson is normalized so that dim[e lv ] = 
1/fc. The important relation to note is that the electron 
creation operator Q and J + in ^ only differ in the 
normalization of the bosonic field. In other words, the 
edge electron operator on a RR state and the SU(2)k 
currents are closely related objects. 

In the problem of electron tunneling to a single quan- 
tum dot, the electron operator can be "rotated" into 
an SU(2)k current operator with a unitary transforma- 
tion, provi ding an exact mapping to a fc-channel Kondo 
model.EMH Thus, the stable multi-channel Kondo mod- 
els depend crucially on a non-Abelian quantum Hall edge 



state having a unique electron operator, which does not 
occur for the particle-hole conjugate RR statesP^^ As 
the particle-hole conjugate RR states generally result in 
Fer mi liqu id impurity physics, we do not consider them 
here.™ 



III. MULTIPLE QUANTUM DOTS COUPLED 
TO QUANTUM HALL STATES 

An important motivation to study quantum dots in the 
quantum Hall context comes from the realization that 
finite-size effects are influenced by the underlying bulk 
quantum Hall state! su l B1 ' 1U8 ' 112 ' 115 l 118 ^ IIiI ? | i^ | i47| tIIi] 

In this work we focus our attention on the charge fluc- 
tuations of multiple quantum dots arranged along the 
edge of a quantum Hall system as shown in Fig[T] The 
charge fluctuations on the quantum dots can be mea- 
sured capacitivelyP^HSU Because the quantum Hall states 
we consider are spin polarized, the spin degree of freedom 
is assumed to be absent in all our considerations. 





quantum dots 
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FIG. 1. (color online) Schematic of multiple quantum dots 
edge (tunnel) coupled to a quantum Hall system as described 
in the text, (a) Illustrates the general situation of an arbi- 
trary number of dots, while (b,c) illustrate the different cases 
of two quantum dots. In (b) the dots are close enough to- 
gether to directly interact with each other, while in (c) the 
dots are far enough apart that there is no direct interaction 
between them. Side gates (not shown) would enable one to 
adjust the spectrum on individual dots to a degeneracy point, 
E(N) = E(N + 1), where number fluctuations are enhanced. 
The quantum Hall state is assumed to be at filling fraction 
v — 2 + fc/(fe + 2) and described by a state in the Read-Rezayi 
series. As in earlier we assume the lower Landau 

levels are inert and focus our study on the partially filled 
Landau level at filling fraction v — k/(k + 2). The electron 
tunneling amplitudes between dot i and the edge are denoted 
by U. 
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Multi-dot Hamiltonian 



The Hamiltonian for our system is given by 



H = H m 



H, 



QD 



(10) 



where -Hedge describes the gapless excitations of the quan- 
tum Hall edge, generally taken to be a RR state at fill- 
ing v = k/[k + 2) (with any completely filled Landau 
levels assumed inerlp21S3) ; £/q D describes the states on 
the quantum dots, including any direct interactions or 
couplings between them, H tun describes the tunneling of 
electrons between the quantum Hall edge and the quan- 
tum dots, and H- mt describes the interactions between 
the electrons on the quantum dots and the electrons on 
the quantum Hall edge. Note that quantum dots are as- 
sumed spatially well separated from the quantum Hall 
states so that quasi-particle tunneling is not allowed, as 
it would be in point contact geometry! 134 * 151 ! 

As we are interested in the physics of charge fluctua- 
tions on the quantum dots due to interactions with the 
quantum Hall edge and other quantum dots, it is impor- 
tant to assume that each quantum dot (if it were isolated) 
is close to a number degeneracy point: E(N) = E(N+1), 
where N is the number of electrons on the dot. Here 
E(N) is the energy of a dot with N electrons on it. This 
means that electron number fluctuations are energetically 
allowed in the presence of weak electron tunneling. We 
assume the dots are small enough that we can truncate 
their Hilbert space to just a single level at the Fermi en- 
ergy with the same energy for single or no occupancy. 
The other levels are assumed to be further away in en- 
ergy than the temperature or any energy scale associated 
with tunneling. 

Under these conditions, we consider the following form 
of the quantum dot Hamiltonian, 



H, 



QD 



QD,i" 



i<3 



;/,,<(/, • ll.c; • (11) 



i<3 



where -Hqd.i = £id\di and di (d\) is the fermionic anni- 
hilation (creation) operator of electrons on dot i. The 
number operator m = d\di. At the degeneracy point 
of each isolated dot, E(N) — E(N + 1), which implies 
£j = 0. The amplitude Uj describes direct electron tun- 
neling between dots i and j, and Vy a direct density- 
density interaction between the same dots. 

The Hamiltonian describing electron tunneling be- 
tween the dots and the edge is 



Hf,,„ — 



]U#l(Xi)di +H.c. 



(12) 



where U is the tunneling amplitude to dot i at position Xi 
along the edge, and is the edge electron creation 

operator at position x%. Depending on the quantum Hall 
state under consideration, the electron creation operator 
is given by @, or Q. 



The interactions between the quantum Hall edge 
charge and the quantum dots is described by 



Hint = y^yid\did x <j)(xi), 



(13) 



where the local density of electrons on the quantum 
Hall edge at position x», ^t(xi)^ e (xi), is proportional 
to d x (j)(xi) of the charge sector alonepf and V* is the 
strength of the interaction. Note that our notational con- 
ventions are double subscripts for dot-dot terms (ty, Vy) 
and single subscripts for edge-dot terms (tj, Vi). 

For the assumptions under which we are working, the 
expressions (|To|-( 13 ) along with the possible edge theo- 
ries , ^ , and ( 6]) provide a rather general description. 
We are now ready to study the Hamiltonian in a number 
of different limits, focussing on the charge fluctuations in 
the case of two quantum dots. 



B. Double-dot Hamiltonian 

A great deal of the structure of the fixed points of the 
multi-dot case is revealed by the double-dot case. We 
will focus on the two limits shown in Fig[ljh,c). Let us 
first consider what type of behaviors we should expect 
based on physical considerations alone. In Figjljb) the 
dots are close enough to interact with each other directly, 
i.e. tij, Vij 7^ 0. So, if the dots are more strongly coupled 
to each other than the edge, we might expect the dots 
to behave as a "composite" d ot wit h a higher effective 
"spin" than the single-dot caseJ^lSH On the other hand, 
if the dots are far enough apart not to interact directly, 
i.e. — Vij = as shown in Figjljc), then their only 
interactions will be those mediated by the quantum Hall 
edge states. In this pictur e, o ne expects some variant 
of RKKY-type interactions J^ 5 ^ at least at higher energy 
scales (although still small compared to the quantum Hall 
bulk gap, for example). Even for well-separated dots, in 
the low-energy limit they effectively "collapse" to a sin- 
gle point (because the characteristic wavelength of edge 
excitations will eventually be much larger than the inter- 
dot spatial separation) and the physics will be similar (in 
some limits) to that of two nearby but non-interacting 
quantum dots. 

Thus, there are two primary limits to consider: (i) 
The composite "dot" and (ii) the situation where RKKY- 
type indirect mediated interactions are important 11SSJ l n 
each case, we would like to understand the behavior of 
the charge fluctuations on the dots near their degener- 
acy points, and we would like to draw parallels to the 
previously studied 2-impurity Kondo problem in a Fermi 
liquid. In particular, we would like to know if there are 
any unusual quantum impurity features or behaviors in 
this scenario. 
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1. Composite dot 

In the composite dot limit, the quantum dots can be 
taken to be at the same spatial location, x\ = x 2 = 0, 
from the point-of-view of the edge electrons. The quan- 
tum dot, tunneling, and interaction Hamiltonians then 
take the form 

Hqd = eini +e 2 n 2 + t 12 d\d 2 + t* 12 d\di + V\ 2 nxn 2l (14) 



H tun = ¥ e (0)(t 1 d 1 +t 2 d 2 )+R.c. 



and 



fl, 



(V ini + V 2 n 2 )d x <j>{Q). 



(15) 



(16) 



If the dots are in close proximity, one would expect 
V12 to be a large energy scale in the problem. In this 
case, the dot system would prefer to minimize the energy 
of the term V\ 2 n\n 2 in -Hqd- This effectively restricts 
the double-dot Hilbert space to either one or zero total 
electrons on both dots. Diagonalizing -Hqd within the 
one-electron subspace one finds energy eigenvalues E± = 
(e 1 +e 2 )/2± v / (e 1 - e 2 ) 2 + A\t 12 \ 2 /2, and the Hamiltonian 
can be written as 



#QD° lcc = E-dtd. 



E + d) + d A 



(17) 



where cL,<i + are the diagonal basis of (14 1. The two 
basis are related via the transformation 



tl2 




where we have assumed ti 2 is real without loss of gener- 
ality. 

If one tunes ei,e 2 , and ti 2 so that _E_ = then the 
state of no electron on the level <i_ is degenerate with 
the state of one electron on the same level. (One could 
alternatively take E + = if t\ + e 2 < 0, for example.) 
This occupancy degeneracy is a necessary condition for 
the realization of S = 1/2 Kondo physics in the double- 
dot charge fluctuations. To see if it is sufficient, we must 
inspect the form of H tVLn and H mt in the diagonal basis 
to see if the mapping of Refs. |60lFI] still goes through. 
The tunneling Hamiltonian becomes 



#tu„ = tft(0)(t_d_ + t+d+) + H.c. 



where 



t_ = 



U 



ht 12 +t 2 (E_ - ei) 
^{E_-e 1 ) 2 +t\ 2 
t 1 {E+ -eg) +t 2 t 12 
^(E + -e 2 ) 2 +t 



IT 1 



(18) 

(19) 
(20) 



for general values of E±. Note that for generic values of 
parameters (including = 0), t + ^ 0, so that the level 



d + is tunnel coupled to the quantum Hall edge via (18 1. 
However, if parameters e%, e 2 , and t\ 2 are such that E + ^> 
£L = 0, then we may still neglect the level d + at the 
same level of approximation that we have neglected levels 
far away from the Fermi energy in the isolated quantum 
dot. At low temperatures this is justified because the 
occupation of the level d + will be exponentially close to 
zero, while the occupation of the level d- will be 1/2 on 
average when E_ = 0. Thus, we can safely neglect the 



d+ term in ( 18 ) provided there is no coupling between d- 



and d + in the transformed fl n t. 

Under the transformation just below Eq. (17), the in- 
teraction Hamiltonian becomes 

flint - (V-n- + V+n+ + V±(dld+ + 4^-)) d x <j>(0), 

(21) 

where n_ = d_d-, n + = d) + d + , and 



V- = 
V+ = 

v± = 



Vi^ 2 + ^ 2 (£-~ei) 2 
(E_-e 1 )i+tj 2 ' 

y 1 (£+-e 2 ) 2 + y 2 ^ 2 
(E + -E 2 y + t\ 2 > 

Vit 12 (E + -e 2 ) + V 2 t 12 (E_-e 1 ) 
^/(E_-e 1 ) 2 +t 2 1 W(E + -e 2 ) 2 +t 2 2 



(22) 
(23) 
(24) 



Note that in ([21| the transformation to d- , d + couples 
the two states and will therefore destroy the exact map- 
ping of the charge fluctuations on the d_ (when E- = 0) 
to the Kondo model unless V± — 0. However, this con- 
dition is likely to be approximately satisfied in prac- 
tice. We first note that if V\ — V 2 (as it would be 
for identical dots in isolation), then V± — 0. How- 
ever, for similar dots one expects V\ — V 2 + SV for 
some small SV. Doing perturbation theory in the terms 
~ SV (d_d + + d\d-)dx<p(0) will lead to a renormalization 
of V- and V+ going as SV 2 /(E + - E_)n-n + (d x (f>(0)) 2 . 
As the d+ level can safely be ignored under our assump- 
tion of E + 3> E_ = 0, VL will obtain a correction going 
as 5V 2 /{E + — E-)(n + )(d x (j)(0)}, which is clearly rather 
small as both 5V 2 / (E + — _E_) and (n + ) are independently 
small. 

Therefore, in the composite dot limit, when we have 
tuned E + ^> E- sa 0, the effective Hamiltonian is 

flcomp ~ fledge "1" E—TL— 

+ (t_*t( )d_ + h.c) + F_n_a^(0), (25) 

where VE'I(O) is given by one of ([2]), (JSJ, or (m). Let us 
consider the general case of Q. Applying the unitary 

transformation U = e iaS ^^ with a = *|i - ^ 2( fc fc+2) 
gives 

UHcompU 1 * = -ffedge + hS* 



+ \±{J+S- + J-S+) + \ z J z S z , (26) 



where 



J+ = Vk^e^, J~ = Vktple-^, J z = -pd x (j>, (27) 
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with (3 = y / 2(k + 2)/k, A ± = f_, /3A 2 = VL - v c a, and 
ft = £L. The local spin operators are related to the lo- 



effective Hamiltonian of two remote dots at low energies: 



cal d- composite dot level as: 



rjd_, S~ = d-r), 
and S z = n_ — 1/2, where 77 are Klein factors that en- 
sure the proper commutation relations are achieved 
The 77 have the property that jy = 77, rj 2 = 1 and they 
anti-commute with fermions, i.e. their properties are like 
non-dynamical Majorana fermions. For V- > v c a, this 
is the antiferromagnetic Kondo proble m, which has an 
intermediate coupling fixed pointPSEQ 

We have thus established that the low-energy physics 
of a composite double-dot (with E + E- ~ and 
Vi — V 2 small) coupled to a RR non-Abelian quantum 
Hall state maps onto the problem of a single quantum 
dot coupled to the same state in a certain range of pa- 
rameters. Therefore, the composite dot system will re- 
alize a stable fc-channel single-impurity non-Fermi liquid 
Kondo physics near a degeneracy point at filling fraction 
v = 2 + k/(k + 2) (with the completely filled Landau 
levels assumed inert )p3Il] 

If multiple dots are arranged in close proximity, then 
the preceding analysis can be generalized, and it is clear 
that one can in general tune to a degeneracy point 
E(N) = E(N+1) on the multi-dot system as well and re- 
alize the physics of a single dot. In this sense, a great deal 
of the Kondo-like physics of the charge fluctuations on 
proximate multi-dots is captur ed by the effective S =1/2 
single-dot limit studied earlier However, the multi- 
dot case also allows for the possibility of an effective dot 
degeneracy greater than 2, which as we will see in the 
next section corresponds to higher spin Kondo models. 



C. Two spatially remote dots 

Here we discuss the situation shown schematically in 
FigjTJc) where at "high" energies the dots do not directly 
interact with each other. The only interactions between 
the dots are those mediated by the gapless edges of the 
quantum Hall systems. This will be roughly analogous 
to the famous RKKY inter acti ons between two remote 
impurities in a Fermi liquid 



1. A candidate low- energy fixed point 

Before we turn to the indirect interactions present at 
"high" energies, we can immediately determine one can- 
didate for the low-energy fixed point. We note that re- 
gardless of the initial separation of the dots, at suffi- 
ciently low energies they reside at the same spatial lo- 
cation from the point-of-view of the edge states. Thus, 
the tunneling Hamiltonian ( 12 ) will again effectively have 



x\ = X2 = at the fixed point. However, since the dots 
are "far" from each other, one has tij = Vij = in ( 11 1 



H = i/ odg e + (* i(0)(M! + t 2 d 2 ) + H.C.) 

+ei7ii -I- £2«-2 + (Vini + V 2 n 2 )d x 4>(0). 



(28) 



Notice that the form of ( 28 ) is exactly of the same form 
as the combination (17), (18), and (21) with V± = 0. 
(Recall, however, that the Hamiltonians (17), (18), and 



( 21 ) were derived for the or 1-particle occupation on the 



two dots, while (28) is valid within the 0,1 and 2-particle 



subspace on the two isolated dots.) Thus, much of the 
previous analysis carries over. For example, if e\ = 
and I e 2 \ ~> (or the other way around) in (28), then we 
expect from our previous analysis that the low-energy 
physics will be that of a single isolated quantum dot: 
S = 1/2, fc-channel non- Fermi liquid Kondo physicsPi21£U 
An important special case occurs when the two dots 
and their couplings to the edge are identical: ei = e 2 = e, 
h=t 2 = t, and V l = V 2 = V: 



H = Hedge + (t*J(0)(dl + d 2 ) + H.C.) 

+e(m + n 2 ) + V(m + n 2 )d x (j>{{)), 



(29) 



because direct inter-dot tunneling and interactions can 
be neglected. This immediately leads to the following 



which, because of the occupation subspace of 0, 1, or 2 
particles, maps onto an S = 1 Kondo model (which has 
three allowed S z components). By using S + = + 
S 2 = r]id\ + rj 2 d\, S~ = diTji + d 2 f] 2 , and S z — Sf + 
S 2 = n\ + n 2 — 1, where 771,772 are Klein factors that 
ensure the prop er c ommutation relations are achieved: 
[S' + ,S' _ ] = 2S z p^ the Hamiltonian is again cast into 
the form (26) with S = 1. Note that in the general 
situation \± \ z , so that the Hamiltonian is exchange 
anisotropic. (It remains channel isotropic by virtue of 
the unique edge electron operator ! 60 * 61 ! ) Careful studies of 
the exchange anisotropy have shown that the anisotropy 
is irrelevant only for S = 1/2 and S = (fc- l)/2PThus, 
for S = 1 the multi-channel non-Fermi liquid behavior is 
only to be expected for fc = 3, or for the v = 13/5 plateau, 
if it appears in experiment and is described by a RR 
state. However, the S = 1 non-Fcrmi liquid case suffers 
from the usual instabilities if one tunes away from the 
special point of equal t, e, V couplings: It will gcncrically 
flow to a Fermi liquid fixed point 

If we generalize the remote double-dot case to mul- 
tiple remote dots (that is, those that do not directly 
interact), it is clear that for N identical dots, one will 
have a low-energy fixed point described by a S = N/2 
fc-channel Kondo model, which, because of the intrinsic 
exchange anisotropy^ will exhibit Fermi liquid physics 
unless N/2 = (k - l)/2 or k = N + 1 and all the cou- 
plings are fine-tuned to identical values of each dot. We 
thus conclude that the "protected" fc-channel Kondo non- 
Fermi liquid physics of the single-dot (composite dot) 
limit appears to be rather special t o the single-dot limit 
with a 2-fold occupancy degeneracy! 60 * 61 ^ However, there 
are other possibilities when indirect dot-dot interactions 
are included. 
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2. Effective inter- dot interactions 

Our analysis of the the low-energy fixed points of the 
double and mult-dot systems did not explicitly include 
indirect inter-dot interactions that would be generated 
perturbatively, and these can be important for the low- 
energy fixed point E3EHI l n the 2-impurity Kondo model 
in a Fermi liquid, these perturbatively generated interac- 
tions often go under the name of RKKY- interactions!^! 
Here we will derive their analog in the double-dot case 
on the quantum Hall edge and discuss their effect on the 
physics. 

At energy scales above those close to the fixed point, 
but below the quantum Hall bulk gap, the relevant form 
of the Hamiltonian is 



H = H cdgc + + 4*e(>;) y 

i=l 

2 2 

+ ejUj + Vinjdx(t>(xi), (30) 

i=l i=l 

where now that we are working at higher energies, we 
take X\ 7^ x 2 - Since the dots are assumed remote, we 
have tij — Vij = 0. 

The Hamiltonian (30) can be cast into the form of 



a 2-impurity Kondo model upon application of the uni- 

fc+2 _ 
k 



tary transformation U — e lQ ^-* s i<t>( x i) with a 



^2(k+2) ^ ^ e general RR state with electron operator 
given by Q : 

2 

UHU* = H cdgc + ^ Vl (J + {xi)Si + J~(xi)S?) 

i=l 

2 2 



where X iX = U, f3\ iz = V t - v c a, /} = y/2(k + 2)/k, 
hi = e», and the SU(2)k currents are given by (27) as 
before. The components of the spin operators Si are 
S+ = rnd\,S~ = diTji, and S? = rii — 1/2, where % are 
dot-dependent Klein factors that ensure the proper com- 
mutation relations are achievedP^ We remark that the 



transformation between (30) and (31) is exact, and the 



physics should be equivalently captured by either form of 
the Hamiltonian. The most important difference between 
the two forms is that the coupling constants A^j_ , Xi Z have 
the same scaling dimensions {i.e. marginal) in (|31 J) wh ile 
in (30) the tunneling terms are naively irrelevant.^ 61 



The Hamiltonian (31) shows that at "high" energies 
two spatially separated quantum dots behave as a 2- 
impurity exchange anisotropic but channel isotropic k- 
channcl Kondo model in an gapless electron liquid de- 
scribed by i/edge- To the best of our knowledge, this 
situation has not arisen before in the literature. The 
physics of 2-impurity fc-channel models in the case of a 
Fermi liquid has not been studied, aside from the case of 



k = 2 which has received only limited attention! 69 ! 70 ! We 
thus believe there is the potential for novel features to 
arise in this class of impurity models. 

As a point of comparison, it is useful to briefly remind 
the reader of the formulation of the 2-impurity problem 
in the Fermi liquid context. The following Hamiltonian 
plays a prominent roleJ^HUl 



H, 



2-imp FL 



AJ(xi) • Si + XJ(x 2 ) ■ S 2 + KSi ■ S 2 , (32) 



where the spin-spin interactions with coupling cons tant 
K are typically generated by RKKY-type effect sP^2l The 
spin-spin interactions can be computed perturbatively in 
A in (32) so that K cx A 2 at lowest order. However, for 



purposes of studying possible phase transitions, it is use- 
ful to think of K as in independent parameter that can 
be tuned (by changing the impurity separation, for exam- 
ple), as it will in any case be renormalized at low energies. 
Ultimately, the physics is determined by a complex inter- 
play between both single-impurity-like Kondo effects and 
the impurity-impurity interactions. 

The main result of the studies of the single-channel 
model (32) is that it possess a Fermi-liquid ground 



state except for the case where particle-hole symmetry 
is present and K takes on a special value of order Tk, 
where Tk is the single-impurity Kondo temperatureP3E3D 
One can argue for a phase transition in the following way. 
When K — > —oo the two spins are ferromagnetically cou- 
pled and effectively behave as S = 1, with two channels 
(one from each spin-1/2) coupled to the conduction elec- 
trons. Since the number of channels is equal to 2 x 1/2, 
the ground state is Fermi liquid-like and there is a unitary 
limit scattering phase shift of tt/2 at low energies. On the 
other hand, when K — > oo, the two spins are locked into a 
singlet and thus "screen" each other resulting in a phase 
shift of zero. (They become inert from the point-of-view 
of the conduction electrons.) Because the phase shift 
cannot evolve smoothly between and tt/2 there must 
be a phase transition in between for some intermediate 
value of K] it turns out that right at the critical point 
the ground-state has non-Fermi liquid properties!^®' 

The 2-impurity, 2-channel Kondo model in a Fermi 
liquid has been studied in Re fs. [BUl70| . The main re- 
sult is that the single-impurity non-Fermi liquid behav- 
ior of the 2-channel model is destabilized by the RKKY 
interactions. In addition to a number of Fermi-liquid 
phases, a line of non-universal, non-Fermi liquid ground 
states is found for antiferromagnetic K. The manifold of 
non-Fermi liquid ground states with properties that vary 
with the bare parameters results from the RKKY interac- 
tion being an exactly marginal perturbation in this case. 
Thus, non-Fermi liquid physics is more stable in the 2- 
impurity, 2-channel Kondo model than in the 2-impurity, 
single- channel Kondo model (which has only one unstable 
point in parameter space of non- Fermi liquid behavior). 

We now return to the subject of the RKKY inter- 
actions for the Hamiltonian (31). To the best of our 
knowledge, RKKY interactions have not been investi- 
gated in an interacting chiral system such as the edge 
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of a fractional quantum Hall state. Even in a Luttinger 
liquid, they appear to have received little attention!*^ 
The most salient difference is that the Fermi wave vector 
kp does explicitly appear in the edge electron operators, 
([2]), ([5]), or [or the closely related SU{2) k current op- 
erators, (|27[)]. This has the immediate consequence that 
the RKKY interactions for (31) will not be oscillatory. 



The sign of the interaction can be determined by ener- 
getics: Considering first the S z interactions, if an electron 
is on dot 1, but not on dot 2, then a second order process 
of an electron hopping to dot 2 and back will be possible 
while it would not be if dot 2 were occupied. Thus, the 
effective interaction 



%KKY,z — C 



K'(\x 3 - x x |)5f5f, 



(33) 



is antiferromagnetic, K z > 0, for all distances. Because 
of translational symmetry along the edge, the interaction 
only depends on the distance between the dots. In the 



language of dot occupations, the Hamiltonian (33) is a 
density-density interaction between the dots. 

On the other hand, if one looks at the perpendicular 
components, one finds 



RKKY,l-comp 



K x (\x 2 



Xi\ 



[SfS 2 



H.c. 



(34) 



which corresponds to a tunneling term between dots. 
Since K^x) = Ai,_lA 2 ,_l(J+(:e) J~(0)> and K z {x) = 
^i,z^2,z(J z {x)J z {0)} are proportional by the SU(2) sym- 
metry of the edge currents, the perpendicular compo- 
nents are also antiferromagnetic. Moreover, as the scal- 
ing dimensions of the current operators are independent 
of k, we find K z,± (x) oc 1/x 2 for all quantum Hall edges 
in the RR class. Thus, there is a universal decay of the 
RKKY interactions in the double dot scenario we con- 
sider. 

If we had instead computed the effective dot tunnel- 
ing terms K x oc t\t 2 from (30) we would have found 



K (x) oc 1/x 3 so that we would have concluded that 
these are sub-leading terms compared to K z . However, 
as discussed in Refs |6QI6T] the presence of the dot-edge 
interaction, V, changes the scaling dimension of the ij to 
match V at low-energies. Thus, for studies of the possi- 



ble low-energy fixed points one should use the form (31) 
which already includes the prope r scaling dimension of 
the terms proportional to fj 6 ° l 61 l 

Finally, we note that if one goes to fourth order pertur- 
bation theory in Aj_, density-density interactions similar 
to (33) will result. For the effective 5 = 1/2 model we 
are considering here, no other interactions will be gen- 
erated at higher orders in perturbation theory. We thus 
see that the Hamiltonian of the dots with RKKY inter- 



actions included reduces to a form similar to (14), which 
we had considered earlier. 



Since the effective spin-spin interactions ( 33 ) and ( 34 ) 
are ant if e r romagnet ic , analogy to the k — 2 Fermi liquid 
cas d 69 * 70 ! suggest that there is a possibility for new non- 
Fermi liquid fixed points to arise. We leave a detailed 
study of this intriguing possibility to future work. 



IV. CONCLUSIONS 

In this work we have studied electron tunneling be- 
tween multiple quantum dots and the edge of a non- 
Abelian fractional quantum Hall state. We ha ve inves- 
tigated how much of the exact mapping * 60 ! 61 ! of a sin- 
gle dot next to a Read-Rezayi state at filling fraction 
v = 2 + fc/(fc + 2) to a fc-channel Kondo model carries over 
to various multiple dot cases. We did not study particle- 
hole conjugates of the Read-Rezayi states or other can- 
didate states in the literature (non-Abelian as well as 
Abelian) as they gen erally result in Fermi liquid quan- 
tum impurity physics JS21SU We stress that the multiple 
impurity fc-channel Kondo model has not been addressed 
before in the l iterat ure, aside from the case of k = 2 in 
a Fermi 

liquidPEH] The typically fragile non-Fermi liq- 
uid physics of the single dot (spin) case is "topologically 
protected" in our scenario and we believe this opens the 
way for potentially a new class of fixed p oints , perhaps 
analogous to what is found in k = 2 caseJM^l or some _ 
thing altogether different. Motivating further studies on 
the models we consider here and related models is one of 
the primary goals of this work. 

In this paper we established that in many situations, 
such as dots in close proximity, the multiple dots may 
act as one effective dot. In this case, if the energy levels 
are tuned to a double degeneracy point, then the charge 
fluctuations map onto the single- impurity 5 = 1/2 k- 
channel Kondo model as before. However, we also found 
that higher degeneracies are possible, and these corre- 
spond to higher-spin multi-channel Kondo models. We 
showed that in general the non-Fermi liquid physics of 
these higher spin multi-channel Kondo models is not 
topologically protected, and noted that they will in- 
stead generically exhibit Fermi liquid properties. In this 
sense, the "single dot" limit previously studied captures 
a large class of the interesting non- Fermi liquid impurity 
physicsjMSl] 

We also studied the case of impurities widely sepa- 
rated along the edge (so that they do not directly interact 
with each other). Specializing to the case of two widely 
separated impurities, we computed the effective RKKY- 
type interactions between the charges on the dots. These 
terms are known to potentially compete with the single- 
impurity Kondo physics and drive phase transitions, in- 
cluding a non- Fermi liquid fixed point in the case of two 
single- channel Kondo impurities in a Fermi liquidj^^ 
and a line of non-universal non-Fermi liquid behavior in 
the c ase of two 2-channel Kondo impurities in a Fermi 
liquid ! ' ' We speculate that even more non-Fermi liq- 
uid states are to be found in the scenario we discussed, 
but leave that question to future work. I n partic ular, if 
numerical renormalization group mcthod a 155 ! 156 ! can be 
adapted to handle the strongly correlated gapless de- 
grees of freedom present on the edge of a non-Abelian 
fractional quantum Hall state, then significant progress 
could be made in this direction. 

The multi-dot scenarios we studied in this work were 
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all edge-coupled to the fractional quantum Hall system, 
as shown in Figjl] Another possibility is to have a single 
dot or multiple dots connected in series to two fractional 
quantum Hall states, as shown in Fig(2] Remarkably, 
even the case of a single quantum dot shown in Figj2] 
does not appear to have a simple mapping to any Kondo- 
like quantum impurity problem when the quantum Hall 
states are fractional (including a simple Lauglin state) !^ 
We hold this system out as yet another where novel quan- 
tum impurity fixed points may arise. 

bulk e"-4--1-- e --V---U- e" bulk 
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FIG. 2. (color online) Schematic of a model for electron 
tunneling through a quantum dot. Gates are shown in black. 
The gates can be used to form a point contact to pinch the dot 
off from the rest of the quantum Hall bulk. The gate labelled 
V g can be used to adjust the number of electron on the dot. 
When electron tunneling is allowed between the dot and the 
two reservoirs, the charge fluctuations near a degeneracy point 
have physics that does not immediately map onto a Kondo 
impurity model and a novel quantum impurity fixed point is 
possible. 



In summary, our main goal in this work was to under- 
stand how much of the non- Fermi liquid impurity physics 
of a single quantum dot near its degeneracy point car- 
ries over to the case of multiple dots. We outlined some 
conditions under which we expected the non-Fermi liq- 
uid physics to be: (i) "topologically protected" as before, 
and (ii) present for a fine-tuning of parameters. However, 
there are many details left unanswered by our study and 
possibly new fixed points to be discovered. It is our hope 
that other researchers will pick up the thread and apply 
the full power of conformal field theory, non-perturbative 
renormalization group methods, and other techniques to 
study this problem further. We believe there is potential 
for fundamental discovery in quantum impurity physics 
in the scenarios we have discussed here. 
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